Finite difference equations are given for second-harmonic generation in two-dimensional planar structures for coupling between TE polarizations at two frequencies as well as for TM polarizations at two frequencies, including the effect of birefringence in the latter case. Attention is given to obtaining accurate expressions for the finite difference operators for points close to interfaces, and it is shown how the equations for nonlinear coupling can be incorporated into the beam-propagation method and the coupled-mode theory. Computational results of second-harmonic generation incorporating both the coupled mode theory and the beampropagation method are given and discussed. © 1997 Optical Society of America [S0740-3224(97) 
INTRODUCTION
Second-harmonic generation (SHG) is of importance for, among other things, wavelength reduction, allowing denser information storage for the readout of optical memory disks. 1 Recently much attention has been given to SHG because cascading of the effect, i.e., coupling from the fundamental beam to the second harmonic (SH) and back again, leads to nonlinear (NL) phase shifts, which may be utilised as a quasi-third-order NL effect for alloptical switching. [2] [3] [4] For detailed studies of the complicated phenomenon, the beam-propagation method (BPM) has proved to be a versatile tool. 6, 7 For efficient SHG, phase matching (PM) is needed. 5 In waveguides this may be accomplished by a careful choice of the structure (e.g., see Section 3) or by quasi-phasematching. Here, modulation of the NL polarization is used, either to match the two modal wave vectors 8 or to match the standing wave, arising from forward and backward traveling fundamental beams, to the wave vector of the SH beam. 9 Good materials for efficient SHG are poled polymers. When polymers are used in planar waveguiding structures, in many cases the poling will be such that the molecules will be oriented perpendicular to the interfaces, so that the strongest effects may be expected with the electric field of the fundamental beam in the same direction. Therefore, since we assume the electric dipole approximation throughout this paper, TM polarization of the fundamental beam will be more favorable in this situation.
In this paper we present finite difference (FD) expressions for planar (two-dimensional) birefringent structures in the presence of SHG for TM-TM conversion, and it is assumed that there is no inversion symmetry in the x direction perpendicular to the layers. Then, it may be shown from simple arguments 5 that the only nonzero NL coefficients ijk (2) are those for which x occurs an odd number of times in the Cartesian directions i, j, and k.
The theoretical description, which may be applied to any suitable BPM, will be given in Section 2. Here, for completeness, we also treat the much simpler case of TE-TE SHG. In Section 3 computational results obtained with the enhanced FD BPM (EFDBPM) 10 for the linear part of propagation will be discussed and compared with those obtained from coupled-mode theory (CMT). In Section 4 conclusions will be given.
THEORY A. TE-TE Conversion
We choose the coordinate system such that the interfaces are parallel to the y -z plane and we consider propagation in the z direction. Then all the electrical fields are polarized in the y direction, and we may write for the NL polarizations
where the subscripts f and s denote the fundamental and the SH beams, respectively. The differential equations needed for the propagation can be found by insertion of Eqs.
(1) into the wave equation. This leads to
Here we have assumed Kleinman symmetry 5 ; i.e., the NL susceptibilities used in Eqs. (1) are equal (ϵ (2) ), and k 0 is the wave number of the fundamental light. In Eqs.
(2) we denote the derivative with respect to z as ‫ץ‬ z etc. In this paper we assume an exp(i t) time dependence and propagation along the positive z axis. Applying the slowly-varying-envelope approximation (SVEA) and introducing a discretization in the transverse (x) direction, it follows that
where the subscripts l denote the lth element of the corresponding vector. In Eqs. (3) ␣ ϵ k 0 (2) /n 0 , where n 0 is the index for the SVEA. The envelope is defined by ϵ E exp(ik 0 n 0 z), and the matrices M are tridiagonal and contain information on the index structure and the discretized second-order derivative with respect to x.
Equations (3) have to be solved to propagate both fields along the z axis. Here a split-step approach, which is correct up to and including the second power of the stepsize ⌬z, will be used. In the first step the linear propagation, according to the first two terms on the right-hand side (rhs) of both Eqs. (3a) and (3b), is taken into account according to a suitable BPM.
In the second step the coupling between the two fields is calculated for each transverse point l in a NL layer.
Writing for such a point ͕ f,l , s,l ͖ l ϵ a, it follows that we have to solve i‫ץ‬ z a ϭ Ba, or a͑z 0 ϩ ⌬z͒ ϭ exp͑ϪiB⌬z ͒a͑ z 0 ͒. (4) 
Here the step-size ⌬z should be such that ͉B 1,2 ͉⌬z Ӷ 1. The inequality is a requirement to guarantee that the fundamental field does not change too much along the step size. This can be seen by applying Eq. (5) and comparing the result with that of two times applying Eqs. (5) with half the step size. More rapid convergence of this NL step is obtained (i.e., larger step-sizes ⌬z may be used) if one first applies Eqs. (4) and (5), using f,l (z 0 ) for the matrix elements of B, to obtain a first guess of f,l (z 0 ϩ ⌬z), and then applies Eqs. (4)- (5), using the average of the two just-mentioned fields for the matrix elements. The computation speed can be further increased by subdividing the step-size, ⌬z, used for the linear propagation, into a number of smaller steps on applying the NL propagation. The most efficient choice of this number depends on the magnitude of the NL effects and may be fixed for a given problem simply by trial and error.
Usually, for a suitable (linear) BPM, the norm ͚͉͉ 2 is a constant of motion for nonabsorbing structures. From Eqs. (3) it may be shown that in the NL case this norm, if summed over the two frequencies, is also preserved.
B. TM-TM Conversion
For TM modes the components of the electric and magnetic fields are E ϭ (E x , 0, E z ) and H ϭ (0, H y , 0). As mentioned above, we adopt the electric dipole approximation, so all polarization effects are due to the electrical fields. To reduce the computation speed and required memory, we have chosen to perform the SHG BPM in terms of the magnetic field rather than in terms of both electric-field components. Further, as in standard BPM, we arrange things such that, for nonabsorbing structures, the discretized analog of
(where we have indicated that one should sum the integral over the two frequencies) is a constant of motion. It follows from standard theory that expression 6 is correct only if we can neglect interaction between modes having different propagation constants. This is approximately true in many practical situations, certainly with respect to the NL interaction, as frequency conversion is usually of importance only close to PM. We consider a NL birefringent layer and we assume that the nonlinearity vanishes just before reaching the interfaces with adjacent layers. The latter is convenient to prevent excessive bookkeeping. It allows us to solve the problem for each layer separately, even if more than one NL layer were present. With the expressions given be-low it can be shown that, for the presented numerical scheme, the assumption affects only the distribution of the (delta-function-like) NL polarization at an interface (between two NL layers) between the two discretization points adjacent to that interface.
From Maxwell's equations we take
where the dielectric tensor of the anisotropic layer, oriented with the principal axes along the coordinate axes, is given by
Multiplying Eq. (7) times the inverse of the dielectric tensor and taking the curl, it follows that
From Maxwell's equations, the first expression on the rhs of Eq. (9) may be rewritten as k 0 2 H. Further, we may set ‫ץ‬ y ϵ 0, and we neglect any z dependence of the waveguiding structure over the interval ⌬z; then we may write
Introducing the envelope
we rewrite Eq. (10) as
with a ϵ 2k 0 n 0 . After discretization along the x axis, with
it follows that
N x is a diagonal matrix corresponding to the index distribution n x (x), and the superscript d denotes that the discretized analog is meant. The matrix M is given by
where T is a tridiagonal matrix given in Appendix A.
There it is shown that the matrix S, defined as
can be chosen symmetric; then by inspection of Eq. (15) it follows that M is also symmetric. As a consequence, if Eq. (14) is evaluated with a split-step formalism
is a constant of motion for the linear part of the propagation in structures with real refractive indexes, at least for a suitable BPM.
For the NL part of the split-step formalism we need to evaluate the last term of Eq. (14) for both frequencies. The various terms of the NL polarization are given by
Equations (18) may be rewritten in terms of the magnetic field for both frequencies by use of Eq. (7) and neglecting the NL polarization term in Eq. (7). The latter is correct for all practical situations, i.e., for present NL materials and intensities below the damage threshold. Then, reexpressing Eq. (18) in terms of envelope (11) and assuming that the z dependence of the magnetic fields is given by exp(Ϫik 0; f, s n 0 z), where the subscripts f and s denote the fundamental and the SH, respectively, it follows that
Here the summations run over the two interfaces where the steps in the nonlinearity occurs, and
Here and below k 0 and denote the wave number and the angular frequency, respectively, of the fundamental light. From differentiation by parts it follows that 
where
With the split-step formalism used once again for Eqs. (23) and (24), the NL propagation may be performed in two steps (steps NL1 and NL2) according to
The first step can be performed, after introduction of the discretization of the fields and the FD operators, in a way similar to that described for TE-TE conversion [see Eq. cretization points p, p ϩ 1, . .., q, at, e.g., p we use
A similar expression is recommended for use at the other interface, i.e., at the point q.
The third term of Eq. (25) should be given some attention for large values of the discretized counterpart of the last term of A, say
which may occur at a certain point if ͉ f ͉ approaches zero. If this happens, e.g., if the condition
or, equivalently,
with
is not fulfilled [see the paragraph below Eq. (5)], we have to perform an averaging procedure over the interval ͓x l Ϫ ⌬x/2, x l ϩ ⌬x/2]. We assume that ⌬z is chosen such that ͉b l ͉ Ӷ 1. So if, say, ͉c l ͉ Ͼ 5, we perform the averaging procedure by using a first-order Taylor expansion for the field:
The second equality above can be derived by writing f,l ‫ץ/*‬ x f,l * ϵ dЈ ϩ idЉ (ϭ⌬x/c l ) and by using standard integral expressions. Now, with ͉c l ͉ Ͼ 5 it can be shown that the averaged value is of the order of unity, and with the condition ͉b l ͉ Ӷ 1 it follows that condition (31) is always fulfilled.
Note that Eq. (28) leads to a conservation of the discretized counterpart of the quantity defined by expression (6) . This should also hold for step NL2, according to Eq. (29). With the definition of B it follows from Eqs. (26) and (29) 
and step NL2 causes only a redistribution of the fundamental field inside the NL layer under consideration. With Eq. (26) we can rewrite Eq. (29) in the form
Then, after a discretization is introduced, assuming that the NL layer corresponds to the points p, p ϩ 1, ..., q, the rhs of Eq. (34) is given by 
whence, after integration
After l is written in terms of FD's, the field may be propagated in a stable way according to
where D l is a real, positive number such that Eq. (37) holds, i.e.,
and the phase of the field change is, according to Eq. (35), in the limit of small step size. When the argument of the square root in Eq. (39) is negative, the step-size ⌬z should be decreased or, more conveniently, l should be redistributed over neighboring points until the argument is positive for each value of l. Using Eq. (38), we circumvent the propagation of the field directly according to Eq. (35), which may lead to slow convergence for small values of ͉ f *͉.
In summary, propagation along each step ⌬z in the case of SHG with TM polarization for both frequencies can be performed by application of the linear propagation [see Eq. (14)], followed by two NL steps, according to Eq. (28) and (29). A description of how to implement Eqs. (28) and (29) is given below Eq. (29) and by Eq. (30); the averaging procedure is given below Eqs. (31) and (38). The equations given above have been chosen such that the calculations would converge if the step sizes, ⌬z and ⌬x, are sufficiently small. For high-power levels, it is recommended to subdivide the step size ⌬z, used for the linear propagation, into a number (e.g., 3-10) of smaller steps for the NL propagation.
The presented theory is applicable almost without any restriction for the case of unidirectional propagation, if the BPM used for the linear propagation is adequate. 
RESULTS AND DISCUSSION
To show the applicability of the given theory, we present some results of BPM calculations on layered structures containing the NL polymerlike material calix [4] arene, 11 poled perpendicular to the layers, i.e., along the x axis. For the linear part of the BPM we use the EFDBPM in second order. 10 Results will be compared with that of CMT, described in Appendix B. The CMT program also takes into account the effect of fundamental beam depletion by numerical solution of Eqs. (B6) or by use of Eq. (B9) in the case of PM.
The structure used for the calculations is given in Table  1 ; indexes and NL coefficients are given for a fundamental wavelength of 957.44 nm. At a SiON layer thickness of 591 nm there is PM between the zero-order TM mode of the fundamental beam and the first-order TM mode of the SH. The effective indexes are 1.603238; the effective indexes in the BPM calculations are slightly different due to discretization effects along the x axis (⌬x ϭ 3.9 nm). We found 1.603239 for the zero-order mode of the fundamental beam and 1.603222 for the first-order mode at the SH, leading to a phase mismatch of ⌬n e ϭ 17.10 Ϫ6 . In Fig. 1 the conversion efficiencies calculated with both the BPM and CMT are given for the structure given in Table 1 as a function of the thickness of the SiON layer for an input power of 10 kW/m in the zero-order mode at the fundamental frequency and a propagation length of 1 mm. Figure 1 shows that the conversion efficiency has a maximum for a SiON layer thickness of 591 nm, which corresponds to PM between the zero-order mode at and the first-order mode at 2. At other layer thicknesses the conversion shows an oscillatory behavior, with a variable period, along the propagation axis, resulting in the sinc-like curve according to the (approximate) theory for nondepleted beams. 12 As the weak coupling limit holds, it may be expected that the results of the BPM and the CMT, which takes into account the coupling between the two aforementioned modes only, agree fairly well (see Fig.  1 ). This is also supported by the fact that at PM the BPM results are in agreement with Eq. (B9).
In Fig. 2 we give the conversion efficiency as a function of the input power for a propagation length of 1 mm in the structure described in Table 1 at PM (i.e. a SiON layer thickness of 591 nm). For the CMT results, we have used Eq. (B9). At low powers, the calculations with the BPM and the CMT agree nicely. At higher power levels the effect of dephasing, due to coupling of the fundamental beam with other SH modes, can clearly be seen in the BPM. Although there is not much conversion toward these modes, the rapid to-and-fro coupling frustrates the efficient conversion toward the first-order SH mode. Recently this dephasing effect has received a lot of attention, as it leads to NL phase shifts similar to that in thirdorder NL materials. 2 We have also investigated the effect of the redistribution term B defined in Eq. (26). Neglecting this term may influence the coupling of the guided mode with radiation modes at the fundamental frequency. Also, dephasing effects may be changed somewhat. Inspecting Fig. 2 , we conclude that, for the given structure, relatively small effects can be observed only at relatively high input powers.
CONCLUSIONS
In this paper we have presented expressions for the BPM for layered, birefringent two dimensional structures in the presence of SHG for the cases of TE-TE and TM-TM coupling. For the latter case we have also derived the CMT expressions. Results have been presented for the case of TM-TM coupling, and it is shown that the BPM and CMT agree fairly well for situations in which this may be expected, i.e., if, for CMT, coupling with other than the two considered modes may be neglected. If the latter is not the case, one should be aware of so-called dephasing effects, and the CMT is no longer reliable, unless one extends the CMT by including all relevant modes in the calculations.
APPENDIX A: EFFICIENT INTERFACE CONDITIONS FOR TM MODES IN BIREFRINGENT LAYERED STRUCTURES
We now construct the matrix T such that T/⌬x 2 is the discretized analog of the operator
occurring in Eq. (10) . The matrix should be correct up to and including the second order in ⌬x, and
should be symmetric [see text below Eq. (16)]. We consider an interface between p⌬x and (p ϩ 1)⌬x at a distance p ⌬x from p⌬x. The field H y at (p ϩ 1)⌬x can be expressed in terms of the field and its derivatives just to the right (subscript r) of the interface:
where we have omitted the subscript y for convenience. Equation (A3) may be rewritten in terms of the field and its derivatives just to the left of the interface by use of the interface conditions 
Here n e is the effective index and s p ϵ (n x;p /n z;p ) 2 . In Eq. (A6) the latter equality holds only if we have to do with a modal field, but, as the total field can be written as a sum of modal fields, the first equality should always Table 1 as a function of the input power of the zero-order mode of the fundamental beam. The calculational methods are described in the text.
